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1. INTRODUCTION 

When the motor works under a general operating conditions of unbalanced stator voltages or 
windings, and if we start to derive the system equations, it is necessary to start from the known equivalent 
circuits which are obtained for both forward and back word components [1]. Using a special analysis which 
will be required in order to completely describe the two-phase equivalent circuit or the system of the voltage 
equations for the two-phase motor [2]. Using the relations between the sequence and phase values, to obtain 
the important system of voltage equations for the case of unbalanced system [3]. After the derivation of 
the system equations we can learn the performance of the unbalanced two-phase electrical motor, using 
the symmetrical components representation for both voltages and currents [4]. These system equations 
will be used for all cases for the two-phase induction motor which fed from two-phase power supply under 
all conditions [5]. 


2. RESEARCH METHOD 
2.1. Equivalent circuits of forward and backward components 

From the usual equivalent circuits of forward and backward components, the following equations 
for both components are shown in Figure 1. From the figure, we can express the voltage equations as 
the following: 


Vs = (R: +J Xis +J Xm ) [gp + JXm Lt 

V of JXm lf + CJ Xm + R/s) Le 

V sb (R: +J XLs +j Xm) Is +J Xm I rb 
Vib J Xml + (J Xat R: / (2s )) le 
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(b) 


Figure 1. Single-phase equivalent circuits for a two-phase motor under unbalanced condition 
(a) forward field and (b) backward field 


For the above equivalent circuits there are some assumptions 


Lig = Xn Z, = R +jXs., 
Lin = LT Le Zm = Zm*JX +(R /S¢) 
S = S, Sp=(2-S) 


The symmetrical components relations for the voltages are 


Ve = CVs tj Vs2)/2, Vo = CVs1-j Vs2 )/ 2, 
Vie = CVit+j Ve )/2, Vip = CVi-jVn)/2 


and for the currents are 


Loe = CI +j I2)/2, Lo = (I~) Io) / 2, 
Le (Ia +j I2 ) / 2, Ip (Ia =) Io ) P 


2.2. Solution of the forward and backward currents 
Mathematical analysis for derivation of the system equations is to obtain the system equations of 
the voltages and currents. 


2.2.1. For voltage system equations using the symmetrical components 
For voltage system equations using the symmetrical components, we use: 


Voi = (Vst Vo), Vo = =] CVse— Vs ), 
Va = ( Vt + Vo), Vo = -j ( Ve— Vo), 


The similar relations for the currents are: 


kı = ( Lee + Isp ), I2 = -j ( le= Isp ), 
Ia = ( L F Lio ), Iv = =J ( Liem Ip ); 


From the previous analysis, the above system of equations, can be used to obtain the following general 
system of equations for the phase voltages of the two-phase induction machine in the general forms. 


Vai = (Vee + Vo ) 
= (R, +J Xis +J Xm ) [gp + JXm Lee + CRs + J Xis + J Xm) lot] Xm lw 
( Rs +J Xis +J Xm). (Ist Iso) + JXm (Le + Iw) 


using the previous current equations we get 
Vs1 = CR, +J XLS +j Xm ) f Isı + JXm . La 
By the same manner, 


V = =j (Vs Vs) 

= (CRs +J Xis +J Xm ) Lop + JXm Le (Rs +j Xs +j Xm ) lbj Xm Lp 
((CR y+ J zs t] Xm) =] CUse - [sp ) + Xm (—J Clee - lm) 

Vo = (R,+j Xts +j Xm). Lo + j Xm Iv 
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For the other voltage equations 


Va = (Vie + Vo) 


V of = JXm [se + (J Xm + R/s) Le 
Vip = J Xm lo + (J Xm + CR-/ (2-8 ))) Is 
Va = JXm Isf + (J Xm + Re/S ) Le +] Xm Lo + CJ Xm t+ CRe/ (2-8 ))) le 


We will divide the previous equation into two parts to solve them separately then we will collect them again: 
Va = [Xm Lop + J Xm Top. ] + (CJ Xm + Re/ Ss ) Lee + CJ Xm + CRe/ (2-8 ))) Lo] 

For the first part 
[JXm Isf +J Xml.) = JXmChet+ho) = jXm ts 

For the seconsd part 


[(] Xm + R/S) Tie + (Cj Xm + CR/ (2-8 ))) I ] = 
= J Xm Cle + In) + CR/ 8 ) Te + CRe/ (2-8 )) l» 
= JXmln+((2-s)R/(8(2-S ))) e+ CsR-/(s (2—s ))) In 
= j Xm ln +[(R;/(s(2-s)).((2-s) lets ly )] 
= JXmln+(R/(s(2-s))). [C1 +1-s)le-(-1+1-s) Ib] 
J Xm ln +(R:/(s(2-s)).[Lhe+Io+(1-s). CLe- I» I 
JXmli +(R:/(s(2-s)). [la +j(1-s)lz] 
= [j] Xmln +(R:/(s(2-s)Ð] la +j(1-s)[(R/(s(2-s))) . le 


Then for both parts 


Va = JXmkıi+[]JXm+(R/(s(2-s))]In+j(1-s)[(R:/(s(2-s)). In 
for the following equation 


Vo = —j(Vie— Vi) 
Vit JXm lf + (J Xm + Re/S ) Lt, Vib = J Xm Iso + (J Xm + (R,/(2-s ))) Lo 


as the same for the previous equation of the V,, 


Vo = Sj [ JXm Isf + (J Xm + R/s ) Le —J Xm Isp — (J Xm + CR / (2-8 ))) le 
=] [ Xn. Clee = Iso) J Se. Ch Hla) + BRe/ So = CR C2 = 8) Le 
= =] [(— Xm. leo) -— (Xm. Tn) +P R/S. Te -CR-/ (2-8 )) Ial] 


for the second part of the equation 


R,/s .I¢—-(CR,/(2—s )) le] 

= ((2—-s)R/(s(2-—S ))) le- (sR,/(s(2-s ))) Lo 

= (R,/(s(2-s)).((2-s)lr-s l») 

= (R,/(s(2-s)D.[(1+1-s)le+(-1+1-s)la] 
(R:/(s(2-=s)). [J] CJ) e- tn) + (1-8). Chet TI» )] 
(R;/(s(2-s)Ð[jI2+j(l1-s). I] 


Then for both parts 


J Vo= [(1-s).R,/(s(2-s)).la+(R:;/(s(2-=s))+j Xm). In 
+j (R. (1-=s)/(s(2-s)). In 


Then we drive the following system equations for voltages 


Vo = CR, +J Xis +j Xm). dsi +JXm. In 

j V2 = (R: +J Xts +j Xm) -Jlot+j XmJ I2 

Va = JXmlsı +0) Xm+CR/ (8 (2-8 )))] In +3 C1—s) (CR / Cs (2-8 )))- Io 

jV2= (C1-s).R-/(s(2-s))).Int+(R/(s (2-8 )) +) Xm) - Tn 
+jCR,.C1—-s8)/(8 (2-8 ))). In 
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2.2.2. For current system equations 
Using the previous equations for the single-phase equivalent circuits will give as the following: 


Vef = Lists ° Lst = Z : Le 
Vit = Live . Le a Ls . ler 
Le = (Zoi lj) Lig Viel Zn 


Also, according to the relation between current, impedance and voltage 


Le = (Zad Zt) lst 


Then, 
L = (Zn/ Zw): Le = (Zale) Lg Ved La 
Vee / Zm = [Cil Lig) = Lm Lm) ciy 
le = [ Zee! (Zam Za) Za eVa 


Now we get the first current equation as following 


Ie [Za Za Z a eVa 
Is [( Zm +)X; + (R; / St))/ CC Zm + Zs) . (Zm + jX; + (R; / St))) —Zm )] . Vet 


Using the following equation 
Vie = Sor le-Zm- oe = 0 
Then we get 


Lt = PZI (Zia Zak = Na 
Te = [Zm/(CZm+ Zs) -(Zm+jXr + (Re / S¢))) -Zm )]. Vst 


Then we can express for the forward as the following 


Isp = [( Zm +jX; + (R;/ St))/((( Zm + Zs) . (Zm + (Xr + (Ref S¢))) -Zm )]. Vst 
Le [ Zm / ((( Zm + Zs ) - ( Zm +)X; + (R; / S¢))) -Zm )] . Vst 


For the backwards, 


Lb = [(( Zim + jXr+ (R/S ))/ (CC EZ ) (Zin XERA Sp ))) Z eVa 
Ie = [Zm/(CZm+ Zs). (Zm+ JX: + (Rr / Sp ))) —Zm~ )]. Vo 


To obtain the air gab power equation 
le = (la +jly)/2, Lo = (Ili-j I2)/2 
For the P, we use the expression 


Pos = mM, l LR, Í Sp, 
2 Le = Ter +J [i +J Lear = Íri 
= ( lii a Íri ) +J ( [i + Ir ) 


Then 
2 Le = ( Lie = Íri ) +J ( lii + lr ), 2 Le = ( air = Íri ) -j ( ln T lr ) 
Pos = mM, l IR, / Sẹ 
r [(( Ms | R, ) /4s ) . ((( Ter = Íri ) +j ( Ii T r )) ° (( Iii = Íri ) -J ( Ii + lor )) 


= (Cm, R,)/48). (Clar lzi) + ai + La ) ) 
= [(( meo R,)/48). (la, —2 Tar. bit Io + Inv +2 Ini Tet le ))] 


And for, I» 
Pop = M; ly Ip R, Í Sp, 


Ip = (In-J l2 )/2. 
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With the same manner 


2 Ip = liir +J lii -j Teor + Íri 
= ( lir + Íri ) +J ( [ii B Lor ) 


then: 
2 Ip = ( lity + Íri ) +J ( Lii E lo ), 2 Lo = ( Li + Íri ) -j ( E — Teor ) 
Pop = M; ly Ip R, Í Sp, 
= [(( Ms | R, ) /4 Sb ) . (( lirt loi ) +j ( lnm dlo )) N lit la ) =] ( bü- lo )) 
= (Cms. R:)/4 s»). (Char + Ini ) (CL — kz ) ) 
= [(( m, | R, ) / 4 Sb ) ° ( Le +2 air ° Íri + Lay + Li = [ti ; Lor + lo ))] 
where 


Po = Pos = Pop 
= [(( m, | R, ) / 4 S ) ° ( l = lir ° la + Toy + Lis +2 lii ; Lr + la ))] ~~ 
[(( m, . R, ) / 4 Sb ) ° ( Lie +2 Lir ° Íri + la + Lay s2 lii ; Lo + la ))] 
= [((m, R,)/(2s.(2-8))). ae +l + br + (1-8). (2 Lir. La + 2 i. Le + Ini’) 


For the power equations 


Por = M, lr 1"R, Í Se, 
Pop = M; ly Ip R, Í Sp, 


where, sp = s and Sp = 2-s 


P, = Diep EPa 
Pm = Pg.(1-s) 
T = Pe/o, 


where ws = œ / p, with p = number of pole pair. 


2.3. Performance of two-phase motor under unbalanced supply 

Case study for different values of the phase angle of the second voltage source uses Matlab software 
for simulation the results according to different values of the voltage angle values (90° 60° 30° 15° 0°) and 
other assumptions as the following 


V=220 v ac, f=50 Hz, p=2, w=2.*pi.*f,ws=w./p,ms=2,Vsi=Vv, 

Xm=40 Q, Zm=j.*Xm Q, rs=2 Q,X5=2 Q,X,=2 Q,r-=2 Q, 
no=1.0,Bv2=(pi./2.).*1./no,Țvs2=v.*((cos(Bv2))-(j.*sin(Bv2))), 
s=0.00:0.001:1, 

St=S,Sp=2.-S 


From the previous values and using Matlab we can get the result as in Figures 2—5. 


T1,T2,T3,T4,To 
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Figure 2. The control of the torque 
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Figure 4. The control of Is1 
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Figure 5. The control of Is2 
3. RESULTS AND DISCUSSION 
The target achieved, as we derive a system equations of unbalanced two-phase induction motor 


could be applied for any running conditions of the motor, even it runs in balanced or un-balanced conditions 
according to the following equations: 
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4. 


Vs = CR, +J Xirs +j Xm). k1 + Xm. ln 

V2 = ( Rs +J Xirs +j Xm) - k2 + J Xm l2 

Va = jXmlıi+[jxm+(R:/(s(2-8s))] In +j(1-s)[(R;/(s(2-s)). Ip 

jV2= (1-s).R,/(s(2-s)).In+(R,/(s(2-s)) +j Xm). In 
+j(R,,(1-8s)/(s(2-8))). Is 

Ine = [( Zm +)X; + (R; /S¢))/ (CZ + Zs). (Zm +)X; + (Re / Se ))) -Zm )] - Vst 

Te = [Zm ((( Zm + Zs) -(Zm+jXr + (R; /St))) -Zm )] . Vst 

Lp = [( Zm pet (R,/ S ))/ (Zn + Z, ). (Zm pe (R/S ))) -Zm )]. Vo 

lo = [Zm/ (((Zm+ Zs) -(Zm+jX + (R/S ))) -Zm 1. Vo 


lt = (Ii +jle)/2, lp = (lu -J Tin) / 2. 
Pos = M; l LR, Í Sp, 
Pop = M; ly Ip R, Í Sp, 


P, = [((m,.R,)/(2s.(2-8))). (lir + lop + lor + (1-8). (2 br. hi + 2 bu. bæ + Ini’) 
Pm = Pg.(1-s) 
T = Pg/a, 


CONCLUSION 
As there is no system driven especially for the two-phase induction motor fed from unbalanced 


two-phase supply, so we start for derivation the system equations for the said motor to be generally used even 
for the balanced or unbalanced two-phase supply. In this paper, we derive a system equation starting from 
the sequence equivalent circuit for the forward and backwards equivalent circuits, then we rearrange 
the equations with some mathematical assumptions which lead us to the new system equations. first for 
the voltage equations then for the current equations and finally for both power and torque equations. 
Moreover, we put an example which cover all cases with specific values and relations charts. 
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